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Bounded variation of functions defined on a convex and compact
set in the plane

Bounded variation functions have been generalized since their
initial presentation, so there are different definitions of bounded

variation functions on rectangles in the plane. The matter
addressed in the article is to define the variation of functions on a

more general set of the plane.

General Objective

To define the variation of real functions of two variables,
whose domain is a convex and compact set, and to study
the vector space formed by functions with finite variation.

Let 0 be a compact and convex set in the plane, we will restrict ourselves to rectangle R = [a, b] X [c, d], which is the
smallest rectangle that contains o.

For each point x € |[a,b] we define

p(x):=inf{y€ [cd]: (x,y) €0}
B(x):=sup{y € |c,d]: (x,y) €Eo }

and

Vio(f,0) = sup | ) | (i, ) = f (i1, BCxi-))] € = (xiey € Ala, b)
\i=1

\

v

J

Vo1 (f,0) =sup *Z‘f(“(yl'); () — fFi—, BOD| :m = 321 € A(c, d])
\im1

Vi1(f,0) = sup *Z‘fv(xi—py]'q) — fo(xyi-1) + folxi,v;) = folxice, )| :€ € A(la, b]),n = (vi}i2, € A([c,d])
\i=1

f(x,y),
fv (x, Y) =

where

(x,y)€o
f,px) (x,y) ER—ocandy <p (x)
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f(x,B(x)) (x,y) ER—ocandy > B (x).

Given this, the total variation of a function f: 0 = Risdefined by TV(f,0) =V,o(f,0) +Vy1(f,0) + Vi1(f,0)

and the work is done on the space BV (0): =

{(fic > R| TV(f,0) < o).

RESULTADOS

Properties.
1.If f,g€ BV(d), A YyER, &={x}L, and n =
{y;}1%, are partitions of [a,b] and [e,d] (e = inf{y €
lc,d]: a(y) = a}) respectively, then for each 1< i <
n we will have

TVAf +vg0)< [AITV(f,0) + |y|TV(g,0).
2. BV(o) , with the operations of addition and

multiplication by a scalar, is a real vector space.
3. TV(f,o) = 0ifandonlyif f is constant.

Theorem. Let f:0 — R be a Lipschitz continuous
function, with Lipschitz constant L, then f € BV (o) and

TV(f,o0) < 4L 6(o), where (o) denotes the
diameter of o.

CONCLUSIONES

In this paper, we have presented a definition of variation
for functions defined on sets that are more general than
those defined in the plane, specifically on convex and
compact sets. To do this, we extend the function defined
to the smallest rectangle that contains the said set, thus
leveraging the known properties of function variation
over rectangles.

Theorem. fllBr oy = ‘f(a»ﬁ(a))‘ + TV(f,o0)
defines a norm for BV (o).

Theorem. BV (o) is a Banach space.

We will say that the function f:0 —= R is non-
decreasing if f(-,6()), f(a(:),’) are nondecreasing
and f(x1,y1) < f(x,,y,) forany a< x; < x, < b
and ¢< y; < y, < d. This guarantees that the
function f,, is non-decreasing.

Theorem. If a function f:0 — IR has a finite variation
then there exist non-decreasing functions g,h: o — R
suchthat f = g — h.

Subsequently, properties of this definition are presented,
revealing that a set composed of functions defined on a
convex and compact set, whose variation is bounded, is
sufficiently rich as it contains all Lipschitz functions.
Consequently, we obtain a space of functions equipped
with a norm, with which it is demonstrated to be a
Banach space. Finally, a Jordan-type decomposition
theorem is obtained, meaning that a function in this
space can be expressed as the difference of functions.
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