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Bounded variation functions have been generalized since their
initial presentation, so there are different definitions of bounded
variation functions on rectangles in the plane. The matter
addressed in the article is to define the variation of functions on a
more general set of the plane.

To define the variation of real functions of two variables,
whose domain is a convex and compact set, and to study
the vector space formed by functions with finite variation.

In this paper, we have presented a definition of variation
for functions defined on sets that are more general than
those defined in the plane, specifically on convex and
compact sets. To do this, we extend the function defined
to the smallest rectangle that contains the said set, thus
leveraging the known properties of function variation
over rectangles.

Let 𝜎 be a compact and convex set in the plane, we will restrict ourselves to rectangle 𝑅 = 𝑎, 𝑏 × [𝑐, 𝑑], which is the
smallest rectangle that contains 𝜎.

For each point 𝑥 ∈ [𝑎, 𝑏] we define
𝛽 𝑥 : = 𝑖𝑛𝑓  𝑦 ∈ 𝑐, 𝑑 : 𝑥, 𝑦 ∈ 𝜎
𝐵(𝑥): = 𝑠𝑢𝑝 {𝑦 ∈ 𝑐, 𝑑 : 𝑥, 𝑦 ∈ 𝜎 }

and

𝑉10(𝑓, 𝜎)  ≔ sup ෍

𝑖=1

𝑛

𝑓 𝑥𝑖, 𝛽 𝑥𝑖 − 𝑓(𝑥𝑖−1, 𝛽(𝑥𝑖−1)) : 𝜉 = {𝑥𝑖}𝑖=1
𝑛 ∈  Λ 𝑎, 𝑏

𝑉01(𝑓, 𝜎)  ≔ sup ෍

𝑖=1

𝑚

𝑓 𝛼(𝑦𝑖), 𝑥𝑖 − 𝑓(𝑦𝑖−1, 𝛽(𝑦𝑖) : 𝜂 = {𝑦𝑖}𝑖=1
𝑚 ∈  Λ 𝑐, 𝑑

𝑉11(𝑓, 𝜎)  ≔ sup ෍

𝑖=1

𝑛

𝑓𝑣 𝑥𝑖−1, 𝑦𝑗−1 − 𝑓𝑣 𝑥𝑖 , 𝑦𝑗−1 + 𝑓𝑣 𝑥𝑖, 𝑦𝑗 − 𝑓𝑣 𝑥𝑖−1, 𝑦𝑗 : 𝜉 ∈  Λ 𝑎, 𝑏 , 𝜂 = {𝑦𝑖}𝑖=1
𝑚 ∈  Λ 𝑐, 𝑑

where             𝑓𝑣 𝑥, 𝑦 = ൞

𝑓 𝑥, 𝑦 , 𝑥, 𝑦 ∈ 𝜎
𝑓(𝑥, 𝛽(𝑥)) (𝑥, 𝑦) ∈ 𝑅 − 𝜎 𝑎𝑛𝑑 𝑦 < 𝛽 (𝑥)

𝑓(𝑥, 𝐵 𝑥 ) 𝑥, 𝑦 ∈ 𝑅 − 𝜎 𝑎𝑛𝑑 𝑦 > 𝐵 𝑥 .

Given this, the total variation of a function 𝑓: 𝜎 → ℝ is defined by 𝑇𝑉 𝑓, 𝜎 = 𝑉10(𝑓, 𝜎) + 𝑉01 𝑓, 𝜎 + 𝑉11 𝑓, 𝜎

and the work is done on the space 𝐵𝑉(𝜎): =  𝑓: 𝜎 →  ℝ ∣  𝑇𝑉(𝑓, 𝜎)  < ∞ .

 

Theorem. | 𝑓| 𝐵𝑉(𝜎): = 𝑓 𝑎, 𝛽 𝑎 +  𝑇𝑉  𝑓, 𝜎  

defines a norm for  𝐵𝑉(𝜎).

Theorem. 𝐵𝑉 𝜎  is a Banach space.

𝜎

𝑅

Theorem. Let  𝑓: 𝜎 → ℝ be a Lipschitz continuous 
function, with Lipschitz constant 𝐿, then  𝑓 ∈  𝐵𝑉(𝜎)  and    
𝑇𝑉 𝑓, 𝜎 ≤  4 𝐿 𝛿(𝜎),    where  𝛿(𝜎) denotes the 
diameter of  𝜎.

We will say that the function 𝑓: 𝜎 → ℝ is non-
decreasing if 𝑓(⋅, 𝛽(⋅)), 𝑓(𝛼(⋅),⋅) are nondecreasing
and 𝑓 𝑥1, 𝑦1 ≤ 𝑓(𝑥2, 𝑦2) for any 𝑎 ≤ 𝑥1 ≤ 𝑥2 ≤ 𝑏
and 𝑐 ≤ 𝑦1 ≤ 𝑦2 ≤ 𝑑. This guarantees that the
function 𝑓𝑣 is non-decreasing.

Subsequently, properties of this definition are presented,
revealing that a set composed of functions defined on a
convex and compact set, whose variation is bounded, is
sufficiently rich as it contains all Lipschitz functions.
Consequently, we obtain a space of functions equipped
with a norm, with which it is demonstrated to be a
Banach space. Finally, a Jordan-type decomposition
theorem is obtained, meaning that a function in this
space can be expressed as the difference of functions.

Theorem. If a function 𝑓: 𝜎 → ℝ has a finite variation
then there exist non-decreasing functions 𝑔, ℎ ∶ 𝜎 → ℝ

such that 𝑓 = 𝑔 − ℎ.

Properties.
1. If  𝑓, 𝑔 ∈  𝐵𝑉(𝜎) ,   𝜆, 𝛾 ∈ ℝ,   𝜉 = {𝑥𝑖}𝑖=0

𝑛  and   𝜂 =
{𝑦𝑖}𝑖=0

𝑚  are partitions of  [𝑎, 𝑏]  and [𝑒, 𝑑] (𝑒 = inf{𝑦 ∈
 [𝑐, 𝑑]: 𝛼(𝑦) = 𝑎}) respectively, then for each  1 ≤  𝑖 ≤
 𝑛 we will have

𝑇𝑉 𝜆 𝑓 + 𝛾 𝑔, 𝜎 ≤  |𝜆| 𝑇𝑉(𝑓, 𝜎)  + | 𝛾| 𝑇𝑉(𝑔, 𝜎).

2. 𝐵𝑉(𝜎) , with the operations of addition and
multiplication by a scalar, is a real vector space.

3. 𝑇𝑉  𝑓, 𝜎 = 0 if and only if 𝑓 is constant.
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